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Abstract
Deformations of the known polynomial Poisson pencils associated with the Kowalevski
top are studied. As a byproduct we find new variables of separation from the one of the
Yehia systems and new bi-Hamiltonian description of the Sokolov system.
1 Introduction
In Hamiltonian mechanics any function H on the phase space M generates vector field X
describing a dynamical system
X = PdH . (1.1)
Here dH is a differential of H , and P is a Poisson bivector on M . This dynamical system
is called integrable by Liouville if there exist a sufficient number of functionally independent
functions Hi on M whose pairwise Poisson brackets are equal to zero
{Hi, Hk} = (PdHi, dHk) = 0 . (1.2)
In Hamiltonian dynamics, integrable systems are rather the exception than the rule. Still, within
this celebrated class of Hamiltonian systems one encounters a whole hierarchy of possibilities.
An important aspect is always how the dynamics behave under different perturbations.
For instance, in bi-Hamiltonian mechanics [22] we are looking for second Poisson bivector
P ′ compatible with P such that
{Hi, Hk}′ = (P ′dHi, dHk) = 0 . (1.3)
Starting with a given pencil of Poisson bivectors
Pλ = P + λP
′ , λ ∈ C ,
we can study its possible Poisson deformations [21]
Pλ → P˜λ
and describe the corresponding perturbations of functions Hi → H˜i, which have to be in
involution with respect to deformed Poisson brackets.
The main aim of this paper is to study trivial deformations [21] of two types
I. P˜λ = (P + λP
′) + λLY P , (1.4)
II. P˜λ = LY P + λ(P ′ +∆P ′), (1.5)
associated with the Kowalevski top [15]. Here LY is a Lie derivative along the vector field Y
such that LY P is still a Poisson bivector compatible with the second term at the pencil.
Recall that Kowalevski top is defined by the following Hamilton function
H1 = J
2
1 + J
2
2 + 2J
2
3 + 2ax1 , a ∈ R . (1.6)
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Here two vectors J = (J1, J2, J3) and x = (x1, x2, x3) are coordinates on the phase space M ,
which as a Poisson manifold is identified with the Euclidean algebra e(3)∗ with the Lie-Poisson
brackets {
Ji , Jj
}
= εijkJk ,
{
Ji , xj
}
= εijkxk ,
{
xi , xj
}
= 0 , (1.7)
where εijk is the totally skew-symmetric tensor. These brackets have two Casimir functions
C1 =
3∑
k=1
x2k, C2 =
3∑
k=1
xkJk. (1.8)
Fixing their values one gets a generic symplectic leaf of e∗(3) which is a four-dimensional
symplectic manifold or a phase space for the dynamical systems under consideration [4].
There is a large body of literature dedicated to the Kowalevski top, including the study of
its integrable perturbations. In [3] Bogoyavlensky presented equations of motion for the top in
two constant fields. Komarov [12] and, independently, Yehia [34] found the gyrostat extension of
the Kowalevski top in 1987. In [2] a Lax representation for the Kowalevski gyrostat in a double
field was found by Bobenko, Reyman and Semenov-Tian-Shansky. In 2002, new integrable
problems for the Kowalevski type gyrostat were found by Sokolov in the case of one axially
symmetric field [26] and by Sokolov and Tsiganov for the case of a double field [27].
It is obvious that the Kowalevski top is integrable for the zero value of the square integral
C2 = 0, which is one of the Casimirs. In this case we have Kowalevski system on the cotangent
bundle T ∗S2 of the two-dimensional sphere. First generalizations of the corresponding Hamil-
tonian were obtained by Chaplygin [6] and Goryachev [10]. An exhaustive list of all the known
integrable perturbations of this particular system may be found in the Yehia papers, see for
instance [35, 36].
An abundance of many well-known integrable perturbation was a reason for the choice of
the Kowalevski top for studying of the different Poisson pencils and deformations thereof. In
fact, we have not a theory of such deformations till now. So, a collection of examples we present
in this paper may be, in our opinion, regarded as a first step to such theory.
This paper is organized as follows. In the second part of Section 1 we will try to explain how
deformations of the Poisson structures arise in an integrable systems theory in a natural way.
This section is intended for an introduction to Section 2, which deals with the particular case
of the Kowalevski top at C2 = 0. In Section 2 we will give an explicit formula for the additive
deformations (1.4) pointing out some algorithm for their computation. Two known polynomial
Poisson pencils Pλ are the initial data for this algorithm and two new Poisson pencils P˜λ are
its results. As a byproduct we will obtain variables of separation from one of the Yehia system.
Section 3 is devoted to the trivial deformations of the second type (1.5). In this section
we will give new deformations of the polynomial Poisson pencil associated with the so-called
Kowalevski gyrostat with the double force field. As a byproduct we will obtain new rational
Poisson structure in the Sokolov case. In conclusion, we discuss the construction of the bi-
Hamiltonian structure for the Kowalevski top on so∗(4).
1.1 Additive deformations
The explicit knowledge of first integralsHi of a given Hamiltonian system allows us to construct
its infinitesimal symmetries
Xi = PdHi .
Recall that by infinitesimal symmetry of a given dynamical system x˙ = X we mean a smooth
vector field Y that commutes with X , i.e., [X,Y ] = 0, or equivalently LXY = 0.
Thus, according to [23], one immediately gets a family of rank-two compatible Poisson
structures for any integrable Hamiltonian system
P (ij) = Xi ∧Xj .
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Recall that bivector P is a Poisson structure if and only if
[[P, P ]] = 0 (1.9)
Here [[., .]] is a Schouten bracket defined by
[[P, P ′]]ijk = −
dimM∑
m=1
(
P ′mk
∂Pij
∂zm
+ Pmk
∂P ′ij
∂zm
+ cycle(i, j, k)
)
.
In our case
[[P (i,j), P (i,j)]] = 2Xi ∧Xj ∧ [Xi, Xj ] = 0
and integrals of motion Hk are the Casimir functions of the corresponding Poisson bracket
{f, g}(ij) = LXif · LXjg − LXig · LXjf .
In generic every pair of independent smooth vector fields X1,2 such that
[X1, X2] = f1X1 + f2X2 , f1,2 ∈ C∞(M), (1.10)
yields a Poisson structure because
[[P (1,2), P (1,2)]] = 2X1 ∧X2 ∧ [X1, X2] = 2X1 ∧X2 ∧ (f1X1 + f2X2) = 0 .
So, we have a lot of the Poisson pencils P + λP (i,j), which could be natural initial data for the
further deformations.
Namely, let us to suppose that perturbed Hamilton function is a linear combination of the
kinetic energy T and potential energy V
H˜ = T + µV , µ ∈ R ,
so that
X˜1 = PdH˜ = PdT + µPdV = XT + µXV .
If there is independent of µ vector fieldX2, so that equation (1.10) holds for initial and perturbed
systems, then we have the following Poisson bivector
P˜ (12) = X˜1 ∧X2 = XT ∧X2 + µXV ∧X2 = P (12)T + µP (12)V . (1.11)
This bivector may be considered as deformation of the ”kinetic” bivector P
(1k)
T derived from
two simple suggestions. It is easy to see that in this case coupling constant µ plays the role of
a free parameter at the Poisson pencil.
So with that in mind, we can try to obtain perturbations of known integrable systems
using deformations of the Poisson bivectors. For instance, let us consider the free motion in the
phase space M = R2n
H = p21 + · · ·+ p2n , X1 = PdH , P =
(
0 I
−I 0
)
equipped with an additional vector field
X2 = (q1, . . . , qn,−p1, . . . ,−pn)
such that
[X1, X2] = 2X1 . (1.12)
The corresponding second rank-two Poisson structure has the following form
P ′ = X1 ∧X2 = LZ P , Z = (p1q1 + · · ·+ pnqn)PdH (1.13)
3
This bivector has the Casimir function
C = (p1q1 + · · ·+ pnqn)2 − (q21 + · · ·+ q2n)H , P ′dC = 0 ,
which satisfies to the separated relation
r2H + C = p2rr
2 ,
where r =
√
q21 + · · ·+ q2n and pr is the conjugated momenta. It means that we consider a
dynamical system partially separable in spherical coordinates.
According to [33] pencil P + λP ′ has a trivial deformation
P˜λ = Pλ + λLY P , Y = (p1q1 + · · ·+ pnqn)PdV (q1, . . . , qn) (1.14)
where
V (q1, . . . , qn) =
n∑
i=1
1
q2k
Vk
(
q1
qk
,
q2
qk
, . . . ,
qn
qk
)
.
and Vk are arbitrary functions on homogeneous coordinates qi/qk. It is important that entries
of the vector field Z (1.13) are the second order polynomials in momenta, whereas entries of
the vector field Y (1.14) are the first order polynomials in momenta.
The corresponding perturbed integrals of motion
H˜ =
n∑
i=1
p2i + V (q1, . . . , qn) , C˜ = (p1q1 + · · ·+ pnqn)2 − (q21 + · · ·+ q2n)H˜ (1.15)
satisfy to the same separated relation
r2H˜ + C˜ = p2rr
2
and
[X˜1, X2] = 2X˜1 , X˜1 = PdH˜
similar to the initial vector field (1.12). The Casimir function C˜ coincides with the well-known
Jacobi integral of motion, see [1, 5].
Other integrals of motion are the Casimir functions of the rank-two Poisson bivector
P˜ ′ = P ′ + LY P , (1.16)
which can not be found in generic form for an arbitrary potential V .
If we postulate that our dynamical system is invariant with respect to translations, i.e.
that Hamiltonian (1.15) is
H˜ =
n∑
i=1
p2i +
n−1∑
k=1
1
(qk+1 − qk)2 Uk
(
q2 − q1
qk+1 − qk , . . . ,
qn − qn−1
qk+1 − qk
)
(1.17)
then there are additional linear in momenta integral of motion, additional symmetry and two
Poisson’s bivectors
H˜1 = p1 + · · ·+ pn , X˜3 = PdH1 , P˜ (32) = X˜3 ∧X2 , P˜ (31) = X˜3 ∧ X˜1
and a solvable algebra of vector fields
[X˜1, X2] = 2X˜1 , [X˜3, X2] = X˜3 , [X˜1, X˜3] = 0 .
At n = 3 there are enough vector fields and integrals of motion in order to prove integrability
of the corresponding dynamical system using the Euler-Jacoby theorem or the Lie integrability
theorem [16, 33].
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In order to apply Liouville’s theorem we can calculate an algebra of integrals
{H˜1, H˜} = 0 , {H˜1, C˜} = H˜3 , {H˜1, H˜3} = 2H˜21 − 6H˜ ,
{H˜, C˜} = 0 , {H˜, H˜3} = 0 , {H˜3, C˜} = 4H˜1C˜ ,
(1.18)
and find its central elements H˜ and
H˜4 = H˜
2
3 − 4C˜(H˜21 − 3H˜) ,
which is a fourth order polynomial in momenta. It is easy to see that independent integrals
of motion H˜1, H˜ and H˜4 are in the bi-involution with respect to both Poisson brackets. An
existence of independent additional Jacobi’s integral C allows us to say about superintegrable
system with the Hamiltonian (1.17).
In similar manner at n = 3 we can recover integrals of motion for the Calogero-Moser
systems associated with classical root systems, integrals of motion for the Rosochatius system
and Gaffet systems [5]. These integrals of motion are the Casimir functions of P˜ ′ (1.16), which
are the third, fourth and sixth order polynomials in momenta.
Summing up, we have proved that trivial deformation of the Poisson pencil could give us
a new family of completely integrable systems. Of course, instead of deformations of rank-two
Poisson bivectors P (ij) = Xi ∧ Xj we can directly study deformations of the corresponding
vector fields Xi and Xj . Therefore, in order to prove the efficiency of the theory of the Poisson
deformations below we will consider rank-four and rank-eight Poisson vectors associated with
the Kowalevski top and their trivial deformations.
2 Polynomial Poisson bivectors
In this Section we consider Kowalevski top at the zero value of the square integral
C2 = (x, J) = 0.
At C2 = 0 the corresponding symplectic leaf of e
∗(3) is symplectomorphic to T ∗S2 and, there-
fore, we can use standard spherical coordinate system on T ∗S2 instead of variables x and J
x1 = sinφ sin θ, x2 = cosφ sin θ, x3 = cos θ ,
J1 =
sinφ cos θ
sin θ
pφ − cosφpθ , J2 = cosφ cos θ
sin θ
pφ + sinφpθ , J3 = −pφ .
(2.1)
In these variables Poisson bivector
P =
(
0 I
−I 0
)
(2.2)
is nondegenerate and defines a symplectic form. Therefore, below we will construct differ-
ent Poisson-Nijenhuis manifolds (ωN manifolds) [8, 22] starting with the common symplectic
manifold T ∗S2.
Based on the example from the previous Section we propose to study perturbations of a
given integrable system using the following algorithm:
• takes one of the known Poisson pencils for the initial integrable system with polynomials
in momenta entries;
• calculates its possible trivial deformations using special vector fields, whose entries are
lower order polynomials in momenta;
• finds the corresponding perturbations of the initial integrals of motion, which have to be
in the bi-involution with respect to deformed Poisson brackets.
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For the Kowalevski top two rank-four Poisson structures P ′ are known at C2 6= 0 and three
rank-four Poisson structures at C2 = 0. Four of them were obtained using Lax matrices for the
Kowalevski top [7, 24, 30] and one remaining was obtained directly from integrals of motion
[31]. Entries of three bivectors P ′ are rational functions in momenta, whereas entries of the
two remaining bivectors are polynomials that allows us to apply the proposed algorithm.
2.1 First deformation
In [31, 32] we found second Poisson bivector P ′ for the Kowalevski top. Let us represent this
bivector as a trivial deformation of P similar to (1.13)
P ′ = LZ P ,
where
Z =
(
ZT
0
)
+
(
0
ZV
)
=
(
ZT
ZV
)
.
Here a kinetic term is the second order polynomial in momenta
ZT =

(
1
cos θ
+ ln
1− cos θ
sin θ
)
pφpθ
1
2
ln
1− cos θ
sin θ
p2φ +
1
2 cos θ
p2θ
 (2.3)
and the potential term is the linear polynomial in momenta
ZV =
a
2
 sinφpφ + cosφ tan θ pθ
− cosφ cot θ pφ − sinφpθ
 . (2.4)
Now we can try to get deformation P˜λ (1.4) of the ”kinetic” Poisson pencil Pλ
Pλ = P + λLZP , Z =
(
ZT
0
)
using the following ansatz for the entries of the vector field Y
Yi = fi(φ, θ)pφ + gi(φ, θ)pθ + hi(φ, θ) . (2.5)
Here fi, gi and hi are some functions on the Euler angles. We use linear polynomials in momenta
in order to get perturbations of potential in the initial Hamiltonian (1.6) only.
Proposition 1 For the given kinetic part ZT (2.3) equation (1.9) for P˜λ has only two linear
in momenta solutions
Y =
(
0
YV
)
up to canonical transformations φ→ φ+ α
Y
(1)
V =
 f ′(φ)cos θ
c1−f(φ)
sin θ
 pθ
and
Y
(2)
V = c1
 sinφpφ + cosφ tan θ pθ
− cosφ cot θ pφ − sinφpθ
+ c2 pθ
cos2 φ
 tanφcos θ
− 12 sin θ
+ c3 pθ
cos2 φ
 cos
2 φ−2
cosφ cos θ
sinφ
sin θ
 (2.6)
Here f(φ) is an arbitrary function and ck ∈ R are arbitrary parameters.
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The proof is a direct solution of the overdetermined system of nonlinear differential equations
up to canonical transformations.
In order to get integrals of motion H˜1,2 associated with P˜λ we have to solve equations
(1.2-1.3)
(P˜λ dH˜1, dH˜2) = 0 , ∀λ, (2.7)
with respect to H˜1 = H1 +∆H1 and H˜2 = H2 +∆H2, where perturbations ∆H1 and ∆H2 are
first and third order polynomials in momenta, respectively.
First solution Y
(1)
V of the equation (1.9) yields integrals of motion
H˜1 = J
2
1 + J
2
2 + 2J
2
3 + v(x3) , H˜2 = J3 ,
whereas second solution at c1 = a/2, c2 = −d and c3 = e is associated with the Hamilton
function
H˜1 = J
2
1 + J
2
2 + 2J
2
3 + 2ax1 −
2(x2J1 − x1J2)
√
b
x3
√
x21 + x
2
2
+
c√
x21 + x
2
2
+
2C1 − x23
x22
(
d+
ex1√
x21 + x
2
2
)
.
Where b is an additional parameter which arise in the solution of equation (2.7). This Hamil-
tonian after canonical transformation
J1 = J1 −
√
b x2
x3
√
x21 + x
2
2
, J2 = J2 +
√
b x1
x3
√
x21 + x
2
2
,
coincides with a well-known deformation of the Kowalevski top
Hˆ1 = J
2
1 + J
2
2 + 2J
2
3 + 2ax1 −
bC1
x23
+
c√
x21 + x
2
2
+
2C1 − x23
x22
(
d+
ex1√
x21 + x
2
2
)
(2.8)
First singular term x−13 was added by Goryachev in [10]. Other terms were added by Yehia,
see [35], recent paper [36] and references within.
This Hamiltonian (2.8) commutes with
Hˆ2 =
(
J21 − J22 − 2ax1 +
b(x21 − x22)
x23
)2
+
(
2J1J2 − 2ax2 + 2bx1x2
x23
)2
(2.9)
+
1
x42
(
dx23 +
cx22 + ex
2
3x1√
x21 + x
2
2
)(
2x22(J
2
1 + J
2
2 ) + dx
2
3 +
cx22 + ex
2
3x1√
x21 + x
2
2
)
− 4ax
2
3(dx1 + e
√
x21 + x
2
2)
x22
− 2b
x22
(√
x21 + x
2
2)(cx
2
2 − ex23x1)
x23
− dx21
)
with respect to the Poisson bracket (1.7).
So we do not get new integrable deformation of the Kowalevski system using this trivial
deformation of the Poisson structures. Nevertheless, we find unknown bi-Hamiltonian structure
of this system and, moreover, as a byproduct we can calculate unknown variables of separation
for these known integrals of motion.
Recall that desired variables of separation are eigenvalues of the recursion operator [8]
N = (P˜λ − P )P−1
associated with deformation P˜b. In our case coordinates of separation q1,2 are the roots of the
characteristic polynomial
det(N − µI) = det(P ′P−1 − µI) = B2(µ),
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where
B(µ) = (µ− q1)(µ− q2) = µ2 +
(√
x21 + x
2
2(J
2
1 + J
2
2 )
x23
+
ex1 + d
√
x21 + x
2
2
x22
)
µ
− a(ax
2
3 + 2x1J
2
1 − 2x1J22 + 4x2J1J2)
2x23
− a(dx1 + e
√
x21 + x
2
2)
x22
. (2.10)
They take values only in the following intervals
q1 > a > q2 ,
similar to the standard elliptic coordinates on the sphere [17]. Then we can introduce first order
in µ polynomial
A(µ) =
(µ− q1)p2(q22 − a2)
q2 − q1 +
(µ− q2)p1(q21 − a2)
q1 − q2 = −
x1J2 − x2J1
x3
µ− a
√
x21 + x
2
2 J2
x3
,
= −µ tan θpθ − a cosφpφ − a sinφ tan θ pθ (2.11)
such that for any ν and µ we have
{B(ν), A(µ)} = 1
µ− ν
(
(µ2 − a2)B(ν) − (ν2 − a2)B(µ)
)
, {A(ν), A(µ)} = 0 .
These two relations guarantee that variables
pj =
1
q2j − a2
A(µ = qj) , j = 1, 2, (2.12)
are canonically conjugated momenta for the coordinates q1,2, i.e. that
{qi, pj} = δij , {q1, q2} = {p1, p2} = 0 .
Initial variables in terms of q1,2 and p1,2 look like
J3 = −x1J1 + x2J2
x3
, x3 =
√
1− x21 − x22 , (2.13)
J1 =
(a2 − q21)(a
√
x21 + x
2
2 + x1q2)x3p1
a
√
x21 + x
2
2(q2 − q1)x2
+
(q22 − a2)(a
√
x21 + x
2
2 + x1q1)x3p2
a
√
x21 + x
2
2(q2 − q1)x2
,
J2 =
(a2 − q21)q2p1 + (q22 − a2)q1p2)x3
a
√
x21 + x
2
2(q2 − q1)
,
and
x1 =
(a2 − q21)(a2 − q1q2)p21
a(q2 − q1)2 −
2(a2 − q22)(a2 − q21)p1p2
a(q2 − q1)2 +
(a2 − q22)(a2 − q1q2)p22
a(q2 − q1)2
−
a
(
d(q1q2 + a
2)− ae(q1 + q2)
)
(a2 − q21)(q22 − a2)
,
x2 =
1
a(q2 − q1)2
√
z1z2
(a2 − q21)(q22 − a2)
.
Here
z1 = ((a− q1)p1 + (q2 − a)p2)2(a+ q2)2(a+ q1)2 + a2(q2 − q1)2(d+ e) ,
z2 = ((a+ q1)p1 − (q2 + a)p2)2(a− q2)2(a− q1)2 + a2(q2 − q1)2(d− e) .
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Integrals of motion H˜1,2 and variables of separation (q1, p1) or (q2, p2) lie on the two copies of
the genus three algebraic curve defined by equation
Φ(q, p) =
(
2(q2 − a2)p2 + H˜1 +
√
H˜2 + 2a
da− eq
q2 − a2
)
× (2.14)
(
2(q2 − a2)p2 + H˜1 −
√
H˜2 + 2a
da− eq
q2 − a2
)
− 4q2 + 4cq − 8
√
b(q2 − a2)p = 0 .
We remark that in this case methods of the Poisson geometry allow us to get not only integrable
perturbations of the initial dynamical system, but also variables of separation for the perturbed
system.
2.2 Second deformation
In [28] we found other variables of separation for the Kowalevski top at C2 = (x, J) = 0
and discovered second Poisson bivector P ′ in [30] using the reflection equation algebra for the
corresponding Lax matrix.
In this paper, we represent known bivector P ′ as trivial deformation (1.13) of P with
respect to special vector field Z = ZT + aZV , polynomial in momenta. The ”kinetic” part of
this field is equal to
ZT =

2pφpθ cos θ
sin θ
2ipφpθ
p3φ(cos
2 θ − 4)
3 sin2 θ
− pφp2θ
2ip3φ cos θ
sin3 θ
+
cos2 θp2φpθ
sin2 θ
− p
3
θ
3

.
As above we start with the ”kinetic” Poisson pencil
Pλ = P + λP
′ = P + λLZT P
and consider its deformation P˜λ (1.4) using the following ansatz for the entries of the vector
field Y
Yi =
2∑
k=0
uik(φ, θ)p
k
φp
2−k
θ + fi(φ, θ)pφ + gi(φ, θ)pθ + hi(φ, θ) ,
We use the second order polynomials in momenta in order to get perturbations of potential in
the initial Hamiltonian (1.6) only.
Proposition 2 For the given kinetic part YT (2.3) equation (1.9) has only one quadratic in
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momenta solution associated with the Kowalevski top
Y = c1

0
0
2ie−iφ sin θpφ
−2ie−iφ cos θpφ

+ c2

− 2ie−iφ(cos θ sin θpθ+i cos2 θpφ−2ipφ)sin θ
0
−2iρe−iφ sin θpφ
2iρe−iφ cos θpφ

(2.15)
+ c3

0
0
pφ−ρ
cos2 θ
i(2 sin θpφ−i cos θpθ
cos3 θ

− ρ

2pθ cos θ
sin θ
0
p2φ(cos
2 θ−2)
sin2 θ
+ ρpφ − p2θ
2pφpθ cos
2 θ
sin2 θ
+ ρpθ

up to canonical transformations φ→ φ+ α.
We have to underline that this solution nonlinearly depends on parameter ρ in contrast with
the previous cases (1.11) and (2.6).
In this case deformation P˜λ (1.4) is associated with the Hamiltonian
H˜1 = J
2
1 + J
2
2 + 2J
2
3 + 2ρJ3 − 2c1x1 + 2ic2
(
ρx2 − (x3J2 − 2x2J3)
)
− c3
x23
,
which after canonical transformation
J2 = J2 + ic2x3 , J3 = J3 − ic2x2 ,
coincides with the Hamilton function for the Kowalevski-Chaplygin-Goryachev gyrostat [18]
Hˆ = J21 + J
2
2 + 2J
2
3 + 2ρJ3 − 2c1x1 − c22
(
x21 − x22
)− c3
x23
At ρ = c2 = c3 = 0 this system coincides with the Kowalevski case of motion of a rigid body
about a fixed point [15]. At ρ = c1 = c3 = 0 it is the well-known case of Chaplygin in the
dynamics of a rigid body moving by inertia in an infinitely extended ideal incompressible fluid
[6]. Potential term x−13 was added by Gorychev in [10], whereas gyrostatic term 2ρJ3 was added
by Komarov [12] and by Yehia [34].
As above, we do not get new integrable deformation of the Kowalevski system using trivial
deformation of the Poisson structures. The main result is an explicit formula for the new
bivector P˜ ′, which is the 2-cocycle in the Poisson-Lichnerowicz cohomology defined by canonical
Poisson bivector P on T ∗S2.
3 Rational Poisson bivectors
For the Kowalevski top there are three Poisson bivectors P ′ with rational entries in momenta.
First of them associated with the Kowalevski variables of separation [15] has been obtained
using 2 × 2 Lax matrix proposed in [19] and the corresponding reflection equation algebra
[30]. Second bivector P ′ was obtained in [24] and then in [7] using 5 × 5 or 4 × 4 Lax matrix
constructed by Bobenko–Reyman–Semenov-Tian-Shansky [2]. Third rational Poisson bivector
was obtained using Lax matrices for the Kowalevski and Gorychev-Chaplygin gyrostats [20].
Fortunately, one of them was obtained by the Dirac reduction procedure from the Lie-
Poisson brackets (linear brackets) on extended 10-dimensional phase space, see details in [7].
In this Section we discuss possible deformations of these linear brackets.
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3.1 Kowalevski gyrostat in a double field
Our starting point is the final section of [24], where it has been shown that the Lax formulation
[2] for the so-called Kowalevski gyrostat in two fields with the Hamiltonian
H = J21 + J
2
2 + 2J
2
3 − 2ρJ3 + 2(x1 + y2)
admits both an r-matrix interpretation and a bi-Hamiltonian formulation. To achieve this, a
peculiar splitting of the zero-degree part of the relevant twisted loop algebra, and an extension
of the nine-dimensional Bobenko–Reyman–Semenov-Tian-Shansky phase space with variables
(x, y, J) to a ten-dimensional bi-Hamiltonian manifold with coordinates (x, y, J,κ) were per-
formed. Recall that the Lax matrix
L =

0 J3 −J2 λ− x1λ − y1λ
−J3 0 J1 −x2λ λ− y2λ
J2 −J1 0 x3λ − y3λ
λ− x1
λ
−x2
λ
x3
λ
0 ρ− J3 + κλ2
− y1
λ
λ− y2
λ
y3
λ
J3 − ρ− κλ2 0

.
satisfies the standard r-matrix algebra if the canonical Poisson brackets on ten-dimensional
phase space are equal to
{Ji, Jj} = εijkJk , {Ji, xj} = εijkxk , {Ji, yj} = εijkyk , {xi, yj} = δij κ. (3.1)
The classical r-matrix in algebraic form is presented in [2, 24] and in matrix form in [14].
Acting on this r-matrix r12(λ, µ) by the simplest intertwining operator on the loop algebra, i.e.
multiplying it on µ−2, one gets the second Poisson bivector
P ′ =

0 J3 −J2 −J3+ρ 0 0 0 0 0 x2+y1
−J3 0 J1 0 −J3+ρ 0 0 0 1 −x1+y2
J2 −J1 0 0 0 −J3+ρ 0 −1 0 y3
J3−ρ 0 0 0 J3 −J2 0 0 −1 −x1+y2
0 J3−ρ 0 −J3 0 J1 0 0 0 −x2−y1
0 0 J3−ρ J2 −J1 0 1 0 0 −x3
0 0 0 0 0 −1 0 0 0 J2
0 0 1 0 0 0 0 0 0 −J1
0 −1 0 1 0 0 0 0 0 0
−x2−y1 x1−y2 −y3 x1−y2 x2+y1 x3 −J2 J1 0 0

, (3.2)
which is independent on additional dynamic variable κ.
We want to find all the possible linear deformations of the Lie-Poisson pencil P + λP ′.
Therefore, we have to substitute bivectors
P˜ = P +∆P , P˜ ′ = P ′ +∆P ′ , (3.3)
where ∆P and ∆P ′ are arbitrary linear functions on variables x, y, J and κ, into the Schouten
brackets
[[P˜ , P˜ ]] = 0 , [[P˜ , P˜ ′]] = 0 , [[P˜ ′, P˜ ′]] = 0 (3.4)
and to solve the resulting equations with respect to ∆P and ∆P ′.
In our case generic solution of the equations (3.4) has the form (1.5) and depends on two
parameters c and η
P˜ = LY P ,
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where
Y7 = −J1 + c sin η(cos ηx3 + sin ηy3) , Y8 = −J2 − c cos η(cos ηx3 + sin ηy3)
Y9 = −J3 + c cos η(cos ηx2 − sin ηx1) + c sin η(cos ηy2 − sin ηy1) , Y10 = κ
and other entries of Y are equal to zero.
Below we put cos η = 0 for the brevity, so in this case second Poisson bivector looks like
P˜ ′ = P ′ + c

0 −y1 x3 −x2 0 0 0 −J2 −J3 κ
y1 0 y3 0 −x2 0 J2 0 0 0
−x3 −y3 0 −y3 0 −x2+y1 0 0 J1 0
x2 0 y3 0 −y1 0 J2 0 0 0
0 x2 0 y1 0 y3 −J1 0 −J3 −κ
0 0 x2−y1 0 −y3 0 0 0 J2 0
0 −J2 0 −J2 J1 0 0 0 0 0
J2 0 0 0 0 0 0 0 0 0
J3 0 −J1 0 J3 −J2 0 0 0 0
−κ 0 0 0 κ 0 0 0 0 0

.
This Poisson bivector can not be represented as the Lie derivative of P or P ′ along the vector
field. It means that P˜ ′ is nontrivial deformation [21].
The Hamilton function associated with this deformation of the Poisson pencil is a Casimir
function of the second Poisson bivector P˜ ′
H˜ = H + 2c(J1y3 − J2x3 + J3x2 − J3y1) . (3.5)
This Hamiltonian was found in [27] together with the Lax matrices. The corresponding classical
r-matrix is discussed in [9, 29] and the phase topology in [25].
Here we do not discuss deformations of the Lax matrices and r-matrices on the extended
phase space related to the obtained deformations of the Poisson brackets. We only present the
two corresponding Lenard chains similar to [7]:
0
dH˜0
P˜ ′
OO
P˜
// X1
dH˜1
P˜ ′
OO
P˜
// X2
dH˜2
P˜ ′
OO
P˜
// 0
0
dK˜0
P˜ ′
OO
P˜
// Y1
dK˜1
P˜ ′
OO
P˜
// Y2
dK˜2
P˜ ′
OO
P˜
// 0
.
This diagram means that in the explicit form first Lenard chain reads as
P˜ ′dH˜0 = 0 , X1 = P˜
′dH˜1 = P˜ dH˜0 , X2 = P˜
′dH˜2 = P˜ dH˜1 , P˜ dH˜2 = 0
and similar to the second chain. First chain relates differentials of the following integrals of
motion
H˜0 = H˜, H˜1 = −(x, x)− (y, y)− 2κ(J3 − ρ+ cx2) , H˜2 = κ2 .
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Integrals of motion in the second Lenard chain are more lengthy
K˜0 = 2
(
c3J22 (y1 − x2)− c2J2
(
J2(J3 − ρ)− 2y3
)
+ c(J1J2 − x2 − y1) + ρ
)
κ
+ (x2 − y1)
(
(x2 + y1)(J
2
1 − J22 ) + (x2 − y1)J23 − 2J1J2(x1 − y2) + 2J3(J1y3 − J2x3)
)
c2
+ J43 + 2(cx2 − cy1 − ρ)J33 +
(
J23 + 2(cx2 − ρ)J3 − 2cρx2 + 2x1
)
J21
+ (J23 + (−2cy1 − 2ρ)J3 + 2cρy1 + 2y2)J22 +
(
2cρ(y1 − x2)− ρ2 + 2x1 + 2y2
)
J23
+ 2
((
cJ3(y2 − x1) + cρ(x1 − y2) + x2 + y1
)
J2 + (ρ− cx2 − cy1)x3 + cy3(J23 − ρJ3 − ρ2 + 2x1)
)
J1
+ 2
(
y3(cx2 + cy1 + ρ)− c(J23 − ρJ3 − ρ2 + 2y2)x3
)
J2 − 2(ρ2 − x1 − y2)(cx2 − cy1 − ρ)J3
− 2ρ2(x1 + y2) + 4x1y2 − x22 − 2x2y1 − y21 ,
K˜1 = (1 + c
2J22 )κ
2 − 2κ
(
J33 + ρ
3 + (cx2 + J3 − ρ)J21 + (cx2 − cy1 + J3 − ρ)J22 + (cx2 − 2cy1 − ρ)J23
+ (c2x2y3 + J2cy2 + 2J3cy3 − cρy3 − x3)J1 + (c2x1y3 − c2x3y1 + c2y2y3 − y3)J2
+ (c2y21 + c
2y23 − c2x2y1 + cρy1 − ρ2 + x1 + y2)J3 − cρ2x2 + cx2y2 − cy1y2
)
+ 2κc(x, y)
− (J3 − cy1)(x × y, J)− c
(
x1(x1y3 − x3y1) + x2(x2y3 − x3y2) + y1(x2y3 − x3y2)
)
J1
− cy2(x2y3 − x3y2)J2 − c
(
x1(x2y2 + x3y3)− y1(x22 + x23) + y3(x2y3 − x3y2)
)
J3
− x21y2 + x1x2y1 − x1y22 − x1y23 + x2x3y3 + x2y1y2 − x23y2 + x3y1y3 + ρ2
(
(x, x) + (y, y)
)
− (x, J)2 − (y, J)2 − 2ρ(x× y, J) ,
K˜2 =
(
c2(y21 + y
2
3) + 2c(J1y3 − J3y1) + J21 + J22 + J23 − ρ2
)
κ
2 + 2
(
cy1(x2y1 − x1y2)
+ cy3(x2y3 − x3y2) + J1(x2y3 − x3y2) + J2(x3y1 − x1y3) + J3(x1y2 − x2y1)
)
κ
+ (x, x) + (y, y)− (x, y)2.
So, deformation of the Poisson pencil gives us known integrable system. The new result
is a bi-Hamiltonian structure for this known system. Moreover, this example of the new type
of deformations (1.5) may be very useful for studying of the Sta¨ckel systems, which are bi-
Hamiltonian systems namely on the extended phase space [11].
3.2 Sokolov system
In order to get the Sokolov system we have to make the canonical transformation
xi → axi , yi → ayi , κ → a2κ
and rescaling c→ ca−1. Then we have to impose restrictions y1 = 0, y2 = 0, y3 = 0 and κ = 0
on the phase space of the Kowalevski gyrostat (3.5) in two fields, that allows us to get the
following Hamiltonian on e∗(3)
H˜ = J21 + J
2
2 + 2J
2
3 − 2ρJ3 + 2ax1 + 2c(J3x2 − J2x3) . (3.6)
At a = 0 this Hamiltonian coincides with the Hamiltonian for the so-called Sokolov system
[4, 26]
Ĥ = J21 + J
2
2 + 2J
2
3 − 2ρJ3 + 2c(J3x2 − J2x3) at a = 0 .
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It is easy to prove that applying canonical transformation and the Dirac procedure to the first
bivector P˜ (3.3) one gets canonical Poisson brackets on e∗(3) (1.7), see [7] for the details. The
second Poisson bivector P˜ ′ (3.3) becomes a linear combination
P˜ ′ = P˜ ′1 + (x, J)
−1P˜ ′2 (3.7)
where
P˜ ′1 =

0 J3 cx3 − J2 0 −cJ2 −cJ3
−J3 0 J1 cJ2 0 a
−cx3 + J2 −J1 0 0 −a cJ1
0 −cJ2 0 0 0 0
cJ2 0 a 0 0 0
cJ3 −a −cJ1 0 0 0

and entries of the second matrix read as
(P˜ ′2)12 = (cx2 + J3 − ρ) (−cx2x3 + J1x1 + J2x2 − J3x3 + ρx3)
(P˜ ′2)13 = (cx2 + J3 − ρ)x2 (cx2 + 2J3 − ρ)
(P˜ ′2)14 = ax2(cx2 + 2J3 − ρ)− J1(cx2 + J3 − ρ)(J2 − cx3)
(P˜ ′2)15 = (cx2 + J3 − ρ)J21
(P˜ ′2)16 = −ax2J1 + c(cx2 + J3 − ρ)(x2J2 + x3J3)
(P˜ ′2)23 = − (cx2 + J3 − ρ)x1 (cx2 + 2J3 − ρ)
(P˜ ′2)24 = −ax1(cx2 + 2J3 − ρ)− J2(cx2 + J3 − ρ)(J2 − cx3)
(P˜ ′2)25 = (cx2 + J3 − ρ)J1J2
(P˜ ′2)26 = a
(
x1J1 − (cx2 + J3 − ρ)x3
)− cx1J2(cx2 + J3 − ρ)
(P˜ ′2)34 = − (cx2 + J3 − ρ) (J1cx1 + J2cx2 + J2J3)
(P˜ ′2)35 = (cx2 + J3 − ρ)J3J1
(P˜ ′2)36 = ax2(cx2 + J3 − ρ)− cx1J3(cx2 + J3 − ρ)
(P˜ ′2)45 = aJ3J1
(P˜ ′2)46 = a
2x2 + a
(
c(x3J1 − x1J3)− J1J2
)
+ c2J2C2
(P˜ ′2)56 = aJ
2
1
At a = 0 Poisson bivector P˜ ′ (3.7) defines new rational bi-Hamiltonian structure for the Sokolov
system. Recall that up to this time for the Sokolov system we have a polynomial Poisson pencil
only at C2 = 0 [17].
At a 6= 0 we can use bivector P˜ ′ (3.7) for the construction of unknown bi-Hamiltonian
structure for the Kowalevski gyrostat on so∗(4). This system is defined by the Hamilton function
H˜κ = J
2
1 + J
2
2 + 2J
2
3 − 2ρJ3 + 2x(κ)1 ,
and the Poisson brackets{
Ji , Jj
}
= εijkJk ,
{
Ji , x
(κ)
j
}
= εijkx
(κ)
k ,
{
x
(κ)
i , x
(κ)
j
}
= κ2εijkJk , (3.8)
In order to get this Hamiltonian and the desired bi-Hamiltonian structure we have to apply the
Poisson map
J → J , x→ x(κ) = αx+ γx× J ,
where α and γ are special functions [13], to the Hamiltonian (3.6) and to the Poisson bivector
P˜ ′ (3.7).
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The final expression for the second Poisson bivector on so∗(4) is very bulky and, therefore,
we don’t provide it here. This rational bi-Hamiltonian structure and its possible deformations
we will discuss in the separate publication.
4 Conclusion
All the examples of integrable perturbations of the Kowalevski top we have discussed in this
paper have appeared in the literature. We limit ourselves to give a new algorithm for construc-
tion of such perturbations and to present new examples of the compatible Poisson structures
on T ∗S2 and e∗(3). We hope that acquired experience will be useful for studying deformations
of the Poisson structures and new integrable perturbations of integrable systems both on T ∗S2
and e∗(3).
We are grateful to the referees for a number of helpful suggestions for improvement in the
article. This work was partially supported by RFBR grant 13-01-00061.
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